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We prove various results about sharply n-transitive sets of homeomorphisms of
‘‘nice’’ topological spaces like the real line and the circle. Our main results concern
sharply 3-transitive sets G of homeomorphisms of the circle to itself. If G=G&1,
then G contains a real hyperbolic part (a set of involutions of the circle having
special properties). We show that every real hyperbolic part is the hyperbolic part
of a real abstract oval in the sense of Buekenhout and that every real abstract oval
arises from a topological oval in a flat projective plane. This establishes a new
relationship between flat Minkowski planes that admit automorphisms which are
circle-symmetries and flat projective planes containing topological ovals. We also
consider sharply n-transitive sets of permutations acting on finite sets. We find that
our results about flat geometries and sharply n-transitive sets of homeomorphisms
have counterparts in the finite case.  1998 Academic Press, Inc.
1. INTRODUCTION
1.1. Sharply n-Transitive Sets, Affine Planes, Projective Planes, and
Minkowski Planes
A set G of permutations acting on the set S is called sharply n-transitive,
|S|>n, if and only if it acts sharply transitively on the set of all ordered
n-tuples of distinct elements of S. A sharply n-transitive set G of permuta-
tions of S is invertible if G=G&1 and idS # G. Two sharply n-transitive sets
G and H of permutations acting on the set S are isomorphic if there are per-
mutations h1 and h2 of S such that h1 Hh2=G.
Let G be a set of permutations acting on the set S. We define an
incidence structure IG=(P, BG) consisting of a point set P=S_S and a
block set BG consisting of all graphs of functions in G, that is, the sets
bg=[(x, g(x)) | x # S] where g # G. The horizontals in P are the sets ha=
[(x, a) | x # S], a # S. The verticals in P are the sets va=[(a, y) | y # G],
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a # S. Two points in P are called parallel if they are contained in the same
vertical or horizontal. Clearly, G is a sharply n-transitive set if and only if
IG satisfies the following axiom.
(I) Given any n pairwise non-parallel points, there is exactly one block
that contains all n points.
Let G be a sharply n-transitive set.
If n=2, let I G=(P, LG) be the incidence structure with point set P and
a line set LG whose elements are the horizontals, the verticals, and the
elements of BG . Then I G is a linear space, that is, a point-line geometry
that satisfies the following axiom.
(A1) Two distinct points are contained in a unique line.
A linear space is called an affine plane if it satisfies both
(A2) Given a line l and a point p, there is a unique line l $ that contains
p and that is parallel to l, that is, l $ does not intersect l or coincides with l.
(A3) There exist three points that are not contained in a single line.
While not every linear space gives rise to a sharply 2-transitive set, every
affine plane does (see [Lo]).
In the case n=3, IG is called a hyperbola structure and blocks of IG are
usually called circles. The incidence structure IG is called a Minkowski plane
if it also satisfies the following axiom.
(T) Given any circle c and two non-parallel points p and q such that
p lies on c and q does not, there is a unique circle that contains both points
and intersects c only in p.
If G consists of homeomorphisms of S1 to itself, then IG is called a flat
hyperbola structure, and if addition, IG is a Minkowski plane, then IG is
called a flat Minkowski plane.
If two sharply n-transitive sets G and H of permutations acting on the
set S are isomorphic, then the associated incidence structures IG and IH are
isomorphic. If h1Hh2=G, then an isomorphism IH  IG is induced by the
map S_S  S_S : (x, y) [ (h&12 (x), h1(y)).
Let G be a sharply n-transitive set of permutations acting on S. For
every block bg , g # G, in IG we define a function #g: S_S  S_S that fixes
all points of bg and that maps the point p  bg to the unique point p${p
such that the horizontal through p meets bg in the same point as the verti-
cal through p$ and such that the vertical through p meets bg in the same
point as the horizontal through p$ (see Fig. 1). Clearly, #g is an involution
whose fixed-point set is bg . If #g is an automorphism of the incidence struc-
ture IG , we call it a block symmetry, or a circle symmetry in the case n=3.
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Figure 1
Let g be in G. Then H=Gg&1 is also a sharply n-transitive set of per-
mutations acting on S isomorphic to G and #g is a block symmetry in IG
if and only if #idS is a block symmetry of IH . The map #idS is the map
S_S  S_S : (a, b) [ (b, a). This map is an automorphism of IH if and
only if for every h # H the set [(h(x), x) | x # S]=[(x, h&1(x)) | x # S] is a
block in IH . Therefore we conclude
Lemma 1.1.1. Let G be a sharply n-transitive set of permutations acting
on S and let g # G. The function #g is a block symmetry if and only if Gg&1
is an invertible sharply n-transitive set of permutations. In particular, let
idS # G. Then #idS is the map S_S  S_S : (a, b) [ (b, a) and #idS is a block
symmetry if and only if G is invertible.
It is clear that if G is a group, then #g is a block symmetry for all g # G.
The classical examples for sharply 2-transitive sets are the groups of
affine linear transformations of fields. The corresponding affine planes are
the Desarguesian affine planes over fields. The classical examples for
sharply 3-transitive sets are the groups PGL(2, K ) where K is a field. The
corresponding hyperbola structures are the Miquelian Minkowski planes
over fields. The Minkowski plane that corresponds to PGL(2, R) is the
classical example of a flat Minkowski plane. Sharply n-transitive sets exist
for every n [HS] (see also [La]), but for n4 there are, up to
isomorphism, only finitely many known sharply n-transitive sets on finite
point sets.
A projective plane (P, L) is a point-line geometry that satisfies Axiom A1
and
(A4) Two distinct lines intersect in a unique point.
(A5) There exist four points of which no three are incident with the
same line.
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A flat projective plane (P, L) is a projective plane whose point set P is
a topological space homeomorphic to P2, the real projective plane (viewed
as a topological space only). Its line set L consists of subsets of P
homeomorphic to the circle S1. The classical example of a flat projective
plane is the real Desarguesian projective plane.
An R2-plane (P, L) is a linear space whose point set P is a topological
space homeomorphic to R2 and whose line set L consists of subsets of P
homeomorphic to R that separate P into two open components. If G is a
sharply 2-transitive set of homeomorphisms of R to itself, then I G is an
R2-plane. An R2-plane that is an affine plane is called a flat affine plane.
The classical example of a flat affine plane is the Euclidean plane. The
point-line geometry induced on any convex open subset of R2 is also an
R2-plane.
If one removes a line W from a (flat) projective plane and punctures all
other lines of the plane in the point of intersection with W, then the
remaining point-line geometry is a (flat) affine plane. Furthermore, every
(flat) affine plane A arises like this from an (up to isomorphism) unique
(flat) projective plane. This (flat) projective plane is called the projective
closure of A and W the line at infinity of A. The projective closure of the
Euclidean plane is the real Desarguesian projective plane.
An oval in a point-line geometry (P, L) is a subset of P that satisfies the
following two axioms.
(O1) Every line in L intersects the set in no more than two points.
(O2) Every point of the set is contained in a unique line that intersects
the set only in this point.
A line that intersects the oval in 0, 1, or 2 points is called an exterior line,
a tangent, or a secant, respectively. A topological oval in an R2-plane or a
flat projective plane is an oval that is homeomorphic to the unit circle.
Examples of topological ovals in the Euclidean plane and its projective
closure are the convex differentiable simply closed curves in R2.
All R2-planes, flat affine planes, flat projective planes, flat hyperbola
structures, and flat Minkowski planes are topological in the following
sense: If I=(P, M) is such a geometry, then the set M carries a natural
topology, the so-called Hausdorff topology. With respect to this topology
and the natural topology on the point set P, the geometric operations in
the axioms that I satisfies are continuous. For example, if I is a flat
Minkowski plane, then the connecting circle of three distinct points
depends continuously on the positions of the three points in P.
In the case of a (flat) projective plane P it is possible to exchange the
roles of points and lines and consider a point to be the set of all lines that
contain it. The geometry defined in this way is again a (flat) projective
plane, the so-called dual of P. We denote it by Pdual.
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Some references for the fact mentioned in this section are [De] for finite
incidence structures in general, [Pe] for finite Minkowski planes, [St1] for
flat Minkowski planes, [Sa1] and [Sa2] for R2-planes and flat projective
planes, and [BHL] for topological ovals.
1.2. Quasi Sharply 2-Transitive Sets (or Abstract Ovals)
A set G of permutations acting on the set S is called quasi sharply
2-transitive if each g # G has order at most 2 and satisfies
(B) For any (a1 , a2), (b1 , b2) # S_S, with ai{bj , i, j=1, 2, there is a
unique g # G such that g(a1)=a2 , g(b1)=b2 .
Quasi sharply 2-transitive sets on S are also referred to as Buekenhout
ovals or abstract ovals. An abstract oval that consists of homeomorphisms
of the circle to itself is called a real abstract oval.
Given an oval O in a projective plane P, an abstract oval on O can be
constructed as follows (see Fig. 2): For every point p # P"O define a func-
tion ip : O  O. Depending on whether the line connecting p and q # O is a
tangent or a secant, let ip(q) be q or the second point of intersection of this
line with O, respectively. The set of all these functions is clearly an abstract
oval. Every abstract oval that arises like this from an oval in a projective
plane will be called projective. For examples of non-projective abstract
ovals see [Fa] and [Kr].
It is possible to associate with every abstract oval G on S an incidence
structure. Its points are the elements of S _ G. If a, b # S (a and b not
necessarily distinct), then the line defined by a and b is the set consisting
of a and b and all elements g # G such that g(a)=b. The incidence struc-
ture defined in this way is called the ambient of G. If G comes from an oval
O in a projective plane P, then this ambient clearly corresponds to the
Figure 2
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geometry of all lines in P that intersect O. By [BHL, Proof of Korollar 3.8],
every topological oval in a flat projective plane gives rise to a real abstract
oval.
Two abstract ovals G and H of permutations acting on the set S are
isomorphic if and only if there is a permutation h of S such that h&1Hh=G.
If G and H are isomorphic, then the associated incidence structures
(ambients) are isomorphic.
Let G be a finite abstract oval on S. If S has an odd number of elements,
then idS is contained in G and all elements different from the identity fix
precisely one point of S. An involution of a set S is called elliptic if it has
no fixed points. It is called hyperbolic if it has exactly 2 fixed points. If S
is finite and has an even number of elements, or if G is a real abstract oval,
then each element of G is either an elliptic or a hyperbolic involution. This
implies that (for |S|>2) idS is not contained in G. Both elliptic and hyper-
bolic involutions are contained in G. The set of all elliptic (hyperbolic)
involutions in G is called the elliptic (hyperbolic) part of G.
The standard reference for (real) abstract ovals is ([Va]) [Bu].
2. SHARPLY n-TRANSITIVE SETS OF HOMEOMORPHISMS
In this section we show for which n sharply n-transitive sets of
homeomorphisms of R and S1 exist, and we investigate the sets of involu-
tions in such sets. In particular, we demonstrate that every invertible
sharply 3-transitive set of homeomorphisms of the circle to itself contains
a real hyperbolic part, that every real hyperbolic part is the hyperbolic part
of a real abstract oval, and that every real abstract oval is projective and
arises from a topological oval in a flat projective plane.
2.1. Existence
In the following lemma we summarize some well-known properties of
homeomorphisms of R and S1.
Lemma 2.1.1. (1) Let g: R  R be a homeomorphism. Then the images
of any two distinct points a and b determine whether g is orientation-preserv-
ing or orientation-reversing (see Fig. 3).
(2) If g is orientation-reversing, then it has exactly one fixed point.
Figure 3
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(3) Let h: S1  S1 be a homeomorphism. Then the images of any three
distinct points determine whether h is orientation-preserving or orientation-
reversing (see Fig. 4).
(4) If h is orientation-reversing, then it has exactly two fixed points.
(5) If h2=idS1 and h{idS1 , then h fixes 0 or 2 points, that is, h is an
elliptic or a hyperbolic involution. Let p and q be two distinct points in S1
that do not get exchanged by h. If p or q is fixed, then h is hyperbolic.
Otherwise, S1"[p, h( p)] has two connected components. The involution is
elliptic (hyperbolic) if and only if the two points q and h(q) are contained in
different components (the same component).
Proof. For (1) and (3) see Figs. 3 and 4. Part (2) is an easy conse-
quence of the intermediate value theorem. Part (4) follows from (3) and
Brouwer’s fixed-point theorem [Mu, p. 373, Ex. 7]. For (5) see [Va,
Section 3]. K
Proposition 2.1.2. Sharply n-transitive sets of homeomorphisms of R to
itself exist if and only if n=1 or n=2.
Proof. An example of a sharply 1-transitive set is the set of translations
of R. An example of a sharply 2-transitive set is the set of affine linear
transformations. For n3 there exists no homeomorphism of R to itself
that fixes 2, 3, ..., n&1 and exchanges 1 and &1 (use Lemma 2.1.1(1)). This
implies that there are no sharply n-transitive sets of homeomorphisms of R
to itself. K
Proposition 2.1.3. Sharply n-transitive sets of homeomorphisms of S1 to
itself exist if and only if n=1 or n=3.
Proof. An example of a sharply 1-transitive set is the set of all rotations
of S1. The group PGL(2, R) is an example of a sharply 3-transitive set.
Figure 4
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Assume that G is a sharply 2-transitive set of homeomorphisms of the
circle to itself. Let g # G. Then Gg&1 is a sharply 2-transitive set that con-
tains the identity idS1 . We may therefore assume that idS1 is contained
in G. By 2.1.1(4), every orientation-reversing homeomorphism has exactly
two fixed points. Therefore G does not contain any orientation-reversing
homeomorphisms. If g, h # G and there are elements a, b # S1 such that
g(a)=h(a)=b, then bg and bh ‘‘touch’’ in the point (a, b). They cannot
intersect transversally since this would imply that they intersect in a second
point, which would contradict Axiom I. We identify the point set S1_S1
of IG , that is, the torus, with the unit square in the usual manner, that is,
verticals turn into verticals, horizontals turn into horizontals, and bound-
ary points get identified in the obvious manner (see Fig. 5). We try to find
three homeomorphisms g, h, i # G such that bg , bh , bi form the sides of the
triangle determined by the three points p, q, and r in Fig. 5. One of the
lines, say bg , is the diagonal. Then bh will intersect bg in the point p by
‘‘touching’’ it in this point. Now it is easy to see that there cannot be any
i such that bi intersects bg by touching it in the point q and intersects bh
by touching it in the point r. We conclude that sharply 2-transitive sets of
homeomorphisms of the circle to itself do not exist.
Let a, b, c, d be four distinct points on the circle. We use Lemma 2.1.1(3)
to conclude that there exists no homeomorphism h that fixes a and b and
such that c and h(c) are contained in the same connected component of
S1"[a, b] and such that d and h(d ) are contained in different connected
components of S1"[a, b]. This implies that there are no sharply n-transitive
sets of homeomorphisms of S1 to itself for n4. K
The main result of [Qu] is that a sharply 3-transitive set of permuta-
tions of a finite set never contains a sharply 2-transitive set. As a conse-
quence of the last result we see that
Corollary 2.1.4. Sharply 3-transitive sets of homeomorphisms of the
circle to itself never contain sharply 2-transitive sets.
Figure 5
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We now begin our investigations of the sets of involutions in sharply
n-transitive sets.
We just want to remark that if S=R or S1, then any sharply n-transitive
set G of homeomorphisms of S to itself, n2, with the property G=G&1
automatically contains the identity idS , that is, G is automatically inver-
tible: If g # G fixes n different elements of S, then g&1 has the same
property. Hence g=g&1. Furthermore, by Lemma 2.1.1, it is orientation-
preserving. The only involutory orientation-preserving homeomorphism of
S that fixes n points is idS . This, of course, means that in the following
there will be some redundancy whenever we require a sharply n-transitive
sets of S to itself to be invertible (not that it matters).
Proposition 2.1.5. Let G be an invertible sharply 2-transitive set of
homeomorphisms of R to itself and let H be the set of involutions in G. Then
H is a sharply 1-transitive set of orientation-reversing homeomorphisms. If I G
is a flat affine plane, then H corresponds to a parallel class of lines in I G .
Proof. The automorphism # idR extends to an involutory automorphism
of the R2-plane I G . Let a, b # R, a<b. Then there is exactly one element
g # G that exchanges a and b. The inverse of g has the same property and,
since G=G&1, we know that g # H. It is also clear that g is orientation-
reversing. Therefore it has exactly one fixed point c (Lemma 2.1.1(2)) and
a<c<b. The following considerations show that two different elements of
H have different fixed points: Assume that h # H, h{g, and h(c)=c. Then
both lines bg and bh , as subsets of R2, have b idR as a common symmetry
axis and both contain the point (c, c). A quick drawing convinces us that
under these circumstances bg minus this point is contained in one of the
two connected components of R2"bh . This means that bg and bh ‘‘touch’’
in the point (c, c). This is impossible since lines in an R2-plane intersect
‘‘transversally’’ (see [Sa2, Proposition 31.5(b)]).
Since R2-planes are topological, the fixed point depends continuously on
a and b (see [Sa2, Proposition 31.21]). By letting a and b go to  (&)
and at the same time letting |a&b|<1 at all times, we conclude that c
becomes arbitrarily large (small), too. This implies that every point c # R is
fixed by exactly one element in H. Clearly, in the case that I G is a flat affine
plane, the set H corresponds to a parallel class of lines. K
We note that in the case that I G is an affine plane there is a much shorter
proof of this result: The block symmetry # idR extends to an automorphism
of the projective closure of I G . By [Sa2, Lemma 32.12], this automorphism
is a reflection with axis b idR . Its center is an ideal point, but not the ideal
point of the horizontals, of the verticals or of b idR . Therefore H corre-
sponds to a (non-vertical and non-horizontal) parallel class of lines in I G .
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2.2. Real Hyperbolic Parts and Real Abstract Ovals in Sharply 3-Transitive
Sets of Homeomorphhisms.
The classical example of a sharply 3-transitive set of homeomorphisms of
the circle to itself is the sharply 3-transitive group PGL(2, R). It is well-
known that the set of involutions in this group is a real abstract oval that
is isomorphic to the real abstract oval associated with a non-degenerate
conic in the real Desarguesian projective plane (see, for example, [CF,
p. 122]).
We call a set H of hyperbolic involutory homeomorphisms of the circle
a real hyperbolic part if it has the following property.
(H) Let (a1 , a2), (b1 , b2) # S1_S1, with ai{bj , i, j=1, 2. If a1=a2 or
b1=b2 , there is a unique g # H such that g(a1)=a2 , g(b1)=b2 . The same
is true if a1 , a2 , b1 and b2 are distinct and both a1 and a2 are contained
in the same connected component of S1"[b1 , b2] (see Lemma 2.1.1(5)).
We call a set E of elliptic involutory homeomorphisms of the circle a real
elliptic part if it has the following property
(E) Let (a1 , a2), (b1 , b2) # S1_S1, with a1 , a2 , b1 and b2 distinct and
both a1 and a2 contained in different connected components of S1"[b1 , b2]
(see Lemma 2.1.1(5)). Then there is a unique element g # E such that
g(a1)=a2 , g(b1)=b2 .
Clearly, every hyperbolic part or elliptic part of a real abstract oval is a
real hyperbolic part or a real elliptic part, respectively. Furthermore, it
follows from Lemma 2.1.1(5) (see also [Po, pp. 179180]) that if H is a
real hyperbolic part and E is a real elliptic part, then H _ E is also a real
abstract oval. So, every real (elliptic) hyperbolic part is the (elliptic) hyper-
bolic part of a real abstract oval. In Section 2.4 we prove that every real
abstract oval is projective and arises from a topological oval in a flat pro-
jective plane.
Keeping all this in mind, the following result establishes an interesting
connection between flat projective planes and flat hyperbola structuresflat
Minkowski planes.
Theorem 2.2.1. Let G be an invertible sharply 3-transitive set of
homeomorphisms of the circle to itself. Let H be the set of hyperbolic involu-
tions in G and let E be the set of elliptic involutions. Then
(1) The set H is a real hyperbolic part.
(2) The set of all involutions in G, that is, E _ H, is a real abstract
oval if and only if, given any two distinct points a, b # S1, every element that
exchanges a and b is an involution.
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Proof. (1) Let a, b, c # S1 be distinct and let g # G be the unique
element that fixes c and exchanges a and b. Then it is clear that g&1 has
the same property. Since G=G&1 we conclude that g=g&1. Hence g is a
hyperbolic involution.
Let Ha, b and Ea, b be the set of orientation-reversing and orientation-
preserving elements in G, respectively, that correspond to circles in IG that
contain (a, b) and (b, a). This means that Ha, b _ Ea, b corresponds to the
pencil of circles in IG through (a, b) and (b, a). By Lemma 2.1.1(4), all
elements of Ha, b fix some point and are therefore contained in H. Let e,
f # S1 be such that a, b, e, and f are distinct and such that both e and f
are contained in the same connected component of S1"[a, b]. In the flat
hyperbola structure IG , (e, f ) is neither parallel to (a, b) nor parallel to
(b, a). This implies that there is exactly one element in Ha, b _ Eb, a that
maps e to f. Clearly, this element is orientation-reversing, hence contained
in H. We conclude that there is exactly one element in H that exchanges
a and b and e and f.
It remains to show that H contains exactly one element that fixes both
a and b. Identify S1 with R _ [] in a natural way such that b gets iden-
tified with . Let G be the set of all restrictions to R of all elements in
G that fix b=. Clearly, G is an invertible sharply 2-transitive set of
homeomorphisms of R to itself. By Proposition 2.1.5, the set of involutions
in G in a sharply 1-transitive set. The involutions in this set correspond
to the involutions in H that fix b. Hence there is exactly one such involu-
tion that fixes a.
(2) If every element in G that exchanges a and b is an involution and
e, f # S1 are chosen such that a, b, e, and f are distinct, then there is
exactly one element in E _ H that exchanges a with b and e with f.
Together with (1) this implies that E _ H is a real abstract oval. Conver-
sely, if E _ H is a real abstract oval, then Ha, b _ Ea, b corresponds to the
pencil of circles in IG through (a, b) and (b, a). This implies that every ele-
ment in G that exchanges a with b is an involution. K
We remark that all known sharply 3-transitive sets of homeomorphisms
of the circle to itself correspond to flat Minkowski planes.
Let K be a set of homeomorphisms of the circle to itself. Then K+ and
K& denote the sets of all orientation-preserving and orientation-reversing
elements of K, respectively. Clearly, K is the disjoint union of K+ and K&.
If K is a real abstract oval, then K+ consists of all elliptic involutions and
K& consists of all hyperbolic involutions in K.
Proposition 2.2.2. Let Gi , i=1, 2, and G be invertible sharply 3-transi-
tive sets of homeomorphisms of the circle to itself and let h be any
homeomorphism of the circle to itself. Then
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(1) G3=G+1 _ G
&
2 and Gh=G
+ _ h&1G&h are invertible sharply
3-transitive sets of homeomorphisms of the circle to itself.
(2) If IG1 and IG2 are flat Minkowski planes, then IG3 is a flat Minkowski
plane. If IG is a flat Minkowski plane, then IGh is a flat Minkowski plane.
(3) If E is a real elliptic part contained in G1 and H is a real hyper-
bolic part contained in G2 , then E _ H is a real abstract oval contained
in G3 .
(4) If A is a real abstract oval in G, then A+ _ h&1A&h is a real
abstract oval contained in Gh .
Proof. Part (2) has been proved in [PS, Proposition 3] (see also
[St2]). The same arguments that were used there guarantee that (1) is
true. Parts (3) and (4) follow immediately from the remark following the
definition of real hyperbolic parts (see also [Po, Lemma 8.6]). K
Of course, Proposition 2.2.2(1) is still true if we replace the ‘‘3-transitive
set(s) of homeomorphisms of the circle’’ by ‘‘2-transitive set(s) of homeo-
morphisms of R.’’ This result corresponds to [PS, Proposition 1].
Examples of Invertible Sharply 3-Transitive Sets of Homeomorphisms of the
Circle to Itself
(1) The group G=PGL(2, R) is an invertible sharply 3-transitive set
of homeomorphisms of the circle to itself. If h is a homeomorphism of the
circle to itself that is not contained in G, then, by [St2, Corollary 3.3],
Gh is not isomorphic to G. If A is the classical abstract oval contained
in G, then the real abstract oval A+ _ h&1A&h contained in Gh is not
isomorphic to A. Still, in terms of real hyperbolic parts this construction
gives nothing new.
(2) The following construction of sharply 3-transitive sets of homeo-
morphisms of the circle to itself can be found in [AG, Theorem 4.8]: As
usual, let S1 be identified with R _ []. Let g be an orientation-preserving
homeomorphism and let h be an orientation-reversing homeomorphism of
the circle to itself such that
(1) both g and h exchange 0 with ;
(2) the restriction of g to R"[0] and the restriction of h to R"[0]
are differentiable functions;
(3) g$ (h$) is strictly increasing (decreasing) when restricted to R&
and R+. Note that the graphs of these restrictions (in R2) look like hyper-
bolas (see Fig. 6).
242 BURKARD POLSTER
File: 582A 284013 . By:XX . Date:13:01:98 . Time:11:18 LOP8M. V8.B. Page 01:01
Codes: 1883 Signs: 887 . Length: 45 pic 0 pts, 190 mm
Figure 6
For all a, b, c # R, a>0 let
(1a) g(a(t&b))+c for t{, b
ga, b, c : S1  S1 : t [ { for t=bc for t=.
Define ha, b, c by replacing g by h in this definition. Furthermore, let
lb, c : S1  S1: t [ {bt+c
for t{
for t=.
Finally, let Gg, h=[ga, b, c , ha, b, c , lb, c | a, b, c # R, a>0]. Then G is a
sharply 3-transitive set of homeomorphisms of the circle to itself. Actually,
 for t=0
h : S1  S1 : t [ {0 for t=(1t) for t # R"[0]
and g=&h are possible choices for g and h. The associated flat Minkowski
plane is isomorphic to the real Miquelian Minkowski plane (see, for
example, [AG, Corollary 5.8]).
Proposition 2.2.3. Let g and h be homeomorphisms of the circle to itself
as above. Let H and E be the sets of hyperbolic and elliptic involutions in
Gg, h . If both g and h are involutions, then
(1) the sharply 3-transitive set Gg, h is invertible;
(2) H=[ha, b, b , l&1, b | a, b # R, a>0] and E=[ga, b, b | a, b # R,
a>0];
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(3) the set E _ H is a real abstract oval;
(4) the homeomorphism h can be chosen such that H is not isomorphic
to the hyperbolic part of the classical real abstract oval (associated with a
non-degenerate conic in the real Desarguesian projective plane).
Proof. Parts (1) are (2) are easy to check.
(3) Note that if 1 is the graph of g (h), then the graph of
ga, b, c (ha, b, c) is 1 scaled by the factor a and translated by the vector
(b, c) # R2. With this idea in mind it is easy to see that H _ E is a real
abstract oval:
By Theorem 2.2.1(2), it suffices to show that, given p, q # S1, p{q, all
elements in G that exchange p and q are involutions. Since H is a real
hyperbolic part, we only have to account for the orientation-preserving
homeomorphisms that exchange p with q. We distinguish between two
cases depending on whether (i) either p or q is , or (ii) neither p nor q
is .
(i) Let q=. Then ga, p, p and ha, p, p , a>0 exchange p and .
The set of these functions corresponds to the pencil of circles through the
points (p, ) and (, p). This implies that all elements of Gg, h that
exchange p and  are involutions.
(ii) All homotheties R2  R2 : (x, y) [ (ax+b, ay+b) induce
automorphisms of the Minkowski plane associated with Gg, h that commute
with the circle symmetry # idR . Therefore we may assume that p= &1 and
q=1. Let amax be the Euclidean distance of bg from the diagonal b idR (see
Fig. 6). Clearly, amax>0 and there are exactly 0, 1, or 2 numbers b # R such
that ga, b, b exchanges &1 and 1 if aamax>1, aamax=1, or aamax<1, respec-
tively. The b’s depend continuously on a and it is easy to see that the set
of all these involutions in Gg, h corresponds to ‘‘half ’’ the pencil of circles
through the two points (&1, 1) and (1,&1), namely the half that exhausts
the shaded region in Fig. 7 (the other half is contained in H). This implies
that all elements of Gg, h that exchange p and q are involutions.
(4) The proof of this fact will be given at the end of Section 2.4. K
2.3. Symmetric Flat Minkowski Planes
A symmetric Minkowski plane is a Minkowski plane whose auto-
morphism group contains all possible circle symmetries. From Lemma 1.1.1
we conclude
Proposition 2.3.1. Let G be a sharply 3-transitive set such that IG is a
Minkowski plane. Then IG is a symmetric Minkowski plane if and only if for
all g # G the set Gg&1 is an invertible sharply 3-transitive set.
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Figure 7
Using [Pe, Theorem D] it is possible to prove
Proposition 2.3.2. If M is a symmetric flat Minkowski plane, then M is
isomorphic to the real Miquelian Minkowski plane.
Proof. The equivalence relation generated by the tangency relation (see
[Pe] for a definition) in a flat Minkowski plane has two equivalence
classes. This follows from [Sch1, Table 1]. If G is a sharply 3-transitive set
such that IG=M, then these two equivalence classes correspond to the
orientation-preserving and orientation-reversing homeomorphisms in G.
Without loss of generality, we may assume that G contains the identity.
Now, [Pe, Theorem D] guarantees that G is a sharply 3-transitive group.
As a consequence of [Sc, Satz 4.1], as topological spaces G and PGL(2, R)
are homeomorphic. Since G is topological, it is a compact group that acts
continuously and sharply 3-transitively on the circle. By [Ti, p. 223, 1.3],
G is isomorphic to PGL(2, R) (as a group) and its action on S1 is the
natural one. K
We remark that the same arguments can be used to conclude that a sym-
metric four-dimensional Minkowski plane (see [St1] for a definition) is
isomorphic to the complex Miquelian Minkowski plane. In the proof we
use [Sch2, Theorem 2] to conclude that the equivalence relation generated
by the tangency relation in such a plane has just one equivalence class
and we use [Fo , 8.1] to conclude that G as a topological space is homeo-
morphic to PGL(2, C). Again Tits’ result [Ti, p. 223, 1.3] can be used to
complete the proof.
For more information about symmetric Minkowski planes the reader is
referred to [Pe] and [HK].
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2.4. All Real Abstract Ovals Are Projective
We first need to recall some facts about topological ovals. Let O be a
topological oval in a flat projective plane P. Then the set of tangents of O
is a topological oval in the dual Pdual of P. We call it Odual. If P is the
point set of P, then P"O has two connected components. One is homeo-
morphic to the open unit disk. The other one is homeomorphic to the open
Mo bius strip. The points of the first component are called interior points of
O and the points of the other component are called exterior points of the
oval. Interior points are not contained in any tangents and exterior points
are contained in precisely two tangents of O. The interior points of O are
the exterior lines of Odual and the exterior points of O are the secants of
Odual. Furthermore, the involution associated with an interior point is ellip-
tic and the involution associated with an exterior point is hyperbolic. For
these and other facts about topological ovals the reader is referred to
[BHL].
Let G be a real abstract oval. Let S1 V S1=[[x, y] | x, y # S1] denote
the set of all unordered pairs of points in S1. We think of it as being
provided with the natural topology that it inherits from S1. As a topologi-
cal space S1 V S1 is homeomorphic to a Mo bius strip with boundary
B=[[x, x] | x # S1] (see [Sa2, 55.12]). For every involution i # G let
li :=[[x, y] | y=i(x)]. Clearly, if i is an elliptic involution, then li is a
subset of S1 V S1 homeomorphic to the circle, and if i is a hyperbolic
involution, then li is a closed Jordan arc (homeomorphic to a closed inter-
val) that intersects B in its two boundary points. Furthermore, B is
homeomorphic to the circle. Let ta , a # S1, be the set [[a, y] | y # S1]. Let
E and S be the sets of all li associated with elliptic and hyperbolic involu-
tions in G, respectively, and let T be the set of all ta , a # S1. We define an
incidence structure E=(M, L) whose point set M is the symmetric
product S1 V S1 and whose line set L is E _ T _ S.
If G has been constructed from a topological oval O in a flat projective
plane P, then it is easy to see that this incidence structure is isomorphic to
the incidence structure that one arrives at by removing the set of interior
points of Odual from the dual flat projective plane Pdual. The set B
corresponds to Odual. The elements of E, T, and S correspond to the
exterior lines, the tangents, and the secants of Odual in Pdual, respectively.
In this special case it is also clear that any two points in IG are connected
by a unique line in IG . It follows from Axiom B that this last statement is
true for general real abstract ovals!
We now proceed to prove that E is always a flat projective plane from
which the interior of a topological oval has been removed. Let I be the
incidence structure whose point set is the unit disk D and whose lines are
the straight line segments in this unit disk (see Fig. 8). Essentially, I is the
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Figure 8
incidence structure induced on the interior of a topological oval (the unit
circle) in the Euclidean plane.
We glue the disk D and the Mo bius strip M together by identifying the
unit circle in the real projective plane and the set B via some homeo-
morphism. We also identify M with the exterior of the unit disk such that
the elements of T coincide with the tangents of the unit circle. Hence
D _ M is the real projective plane. For every pair a, b of distinct points on
B let la, b be the union of the line in E that connects the two points and of
the line segment in I that connects the two points. It is clear that every
such set is homeomorphic to the circle. The set of all these sets will be
denoted by S . Let PG=(D _ M, E _ T _ S ).
We prove
Theorem 2.4.1. Let G be a real abstract oval. Then the following
statements hold true.
(1) The incidence structure PG is a flat projective plane.
(2) The set B is a topological oval in PG whose sets of tangents,
exterior lines and secant lines coincide with the sets E, T, and S , respectively.
(3) G is projective and isomorphic to the real abstract oval associated
with the dual topological oval Bdual.
Proof. (1) The point set of PG is homeomorphic to the real projective
plane and all its lines are homeomorphic to the circle. By [Sa1,
Theorem 2.5], it therefore suffices to verify that two distinct points in the
point set D _ M are contained in a unique line. This is clear if both points
are contained in D or if both points are contained in M. Therefore it suf-
fices to show that, given any point p in the interior of M, every point in
the interior of D is contained in precisely one line through p.
We first show that any two distinct lines that intersect in the interior of
M intersect transversally. If both lines are in T, then this is clear. Since
every element of S arises from a homeomorphism of S1 to itself, it is also
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clear that an element of T intersects an element of S transversally. Let p be
an interior point of M. Then it is easy to find three different elements of T
such that one of the four open triangles in the real projective plane D _ M
defined by these lines contains p and is completely contained in the interior
of M (see Fig. 9).
Any line in S _ E that has points in common with this open triangle
intersects the sides. Since it intersects every one of the sides transversally
and in no more than one point each, it is clear that it intersects the bound-
ary of the triangle in exactly two distinct points. This implies that the inter-
section of this line with the triangle is a closed subset of the triangle
homeomorphic to R. This means that the point-line geometry induced on
the open triangle is a flat R2-plane. It is known that lines in such a plane
intersect transversally. This, of course, implies that all lines of PG that con-
tain p intersect transversally.
Let p be the unordered pair [a, b](a{b). Then ta and tb are the two
elements of T that contain p. We define an involution # of B by letting
#(x)=y, if x and y are contained in the same line through p. Note that
#(a)=a and #(b)=b. Furthermore, since lines through p intersect transver-
sally, this involution is a homeomorphism (see Fig. 10). Now it clearly suf-
fices to show that every point in the interior of D is contained in exactly
one of the straight line segments that connect points that are exchanged by
#. This is also the case.
(2) The set B is homeomorphic to the circle. Furthermore, it clearly
satisfies Axioms O1 and O2. Hence B is a topological oval.
(3) This follows immediately from the way we constructed PG . K
We remark that our result generalizes the main result in [Va].
Proposition 2.4.2. Let G be an abstract oval of orientation-preserving
homeomorphisms of the 2n-sphere S2n to itself. Then the ambient of G is a
projective plane.
Figure 9
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Figure 10
Proof. It is clear from Axiom B that two lines in the ambient intersect
in precisely one point. This also implies that two distinct points are not
contained in more than one line. We have to show that two distinct points
i and j in the point set S2n _ G of the ambient are contained in at least one
connecting line. If i is contained in S2n this is clearly the case. We may
therefore assume that both points are orientation-preserving homeomor-
phisms of S2n to itself. Therefore ij&1 is also an orientation-preserving
homeomorphism. As such it has at least one fixed point p # S2n (see, e.g.,
[Mu, p. 373, Ex. 7]). Since both i 2= j 2=idS2n , we conclude that either
both i and j fix p or there is a second point q # S2n different from p such
that both i and j exchange p and q. This means that the tangent in the
point p is a connecting line of i and j in the first case. In the second case
the secant through p and q is such a line. Summarizing, we conclude that
the ambient satisfies Axiom A3. It also satisfies Axiom A4 (any four points
of S2n form a non-degenerate quadrangle). K
The only known examples of abstract ovals as in the last proposition are
the abstract ovals that correspond to topological ovals in four-dimensional
projective planes (see [BHL]). In all these cases n=1.
Proof of Proposition 2.2.3(4). We still need to show that the function h
can be chosen such that the real hyperbolic part H in Gg, h is not
isomorphic to the classical real hyperbolic part associated with a conic sec-
tion in the real Desarguesian projective plane. For this we have a look at
that part of the incidence structure E (defined at the beginning of
Section 2.4) that corresponds to H. If we identify S1 with R _ [] as
usual, the subset R V R of the point set S1 V S1 of E can be identified with
the shaded half-plane in Fig. 11. If H was isomorphic to the classical real
abstract oval, then the part of E that corresponds to H had to be (at least
locally) Pappian. Figure 11 shows that this is not the case. In Fig. 11, t1 ,
t2 , t3 , and t4 are tangents and we see that we can choose h such that E is
not locally Pappian.
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Figure 11
3. FINITE SHARPLY n-TRANSITIVE SETS
Very often results about flat incidence geometries have counterparts in
terms of finite incidence geometries, especially those of odd order. So, what
properties do finite sharply n-transitive sets of permutations have?
By [Lo], every finite sharply 2-transitive set of permutations corre-
sponds to a finite affine plane, or equivalently, to a finite projective plane.
We conclude that a finite invertible sharply 2-transitive set of permutations
G of a finite set of points S corresponds to a finite projective plane P of
order |S | that admits an involutory automorphism # fixing a line pointwise.
By [De, Chapter 4.1, Satz 9], # is an elation if the order of P is even, or
a homology if the order of P is odd. If H is the set of involutions in G,
then, in the even case, H _ [idS] is sharply 1-transitive and corresponds to
a parallel class in the affine plane I G . If P is of odd order, then H is a
sharply 1-transitive set. This last observation corresponds to Proposi-
tion 2.1.5.
Every sharply 3-transitive set of permutations corresponds to a finite
Minkowski plane (see [HK]). If G is a sharply 3-transitive set of permuta-
tions of a set containing an odd number n of elements, then n=2m+1 for
some m # N and G is isomorphic to PGL(2, F2m) over the finite field con-
taining 2m elements (see [He1] and [He2]). As we know, PGL(2, F2m)
contains an abstract oval. If n=pm+1, p an odd prime number, then
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PGL(2, Fpm) is the classical example of a sharply 3-transitive group of per-
mutations of a set of size n containing one of the classical abstract ovals.
If the exponent m is even, then there exists a second sharply 3-transitive
group on a set of size n, usually denoted as M(pm) (see [Pe]). The set of
involutions in this group is the hyperbolic part of PGL(2, Fpm). This
suggests that a result like Proposition 2.2.1 could also be true in the finite
case. By [Pe, Theorem A(ii)], none of the other known finite sharply
3-transitive sets is invertible.
Let S be a set containing an even number n6 of elements. A set of
involutions H of S is a finite hyperbolic part if
(1) Each i # H fixes precisely two points.
(2) For any (a1 , a2), (b1 , b2) # S_S, with ai{bj , i, j=1, 2, there is
at most one g # H such that g(a1)=a2 and g(b1)=b2 .
(3) If, in addition, a1=a2 or b1=b2 , there is exactly one such ele-
ment.
Clearly, the hyperbolic part of a finite abstract oval of odd order is a
finite hyperbolic part. General finite hyperbolic parts share many properties
with hyperbolic parts arising from finite abstract ovals (see [Po, Sec-
tion 4]). With arguments similar to the ones we used in the proof of
Proposition 2.4.1 it is possible to show that every invertible sharply
3-transitive set of permutations of S contains a finite hyperbolic part.
We also want to remark that characterizations of PGL(2, q), q a prime
power, among the finite sharply 3-transitive sets have been given in terms
of certain subsets of involutions of these sets (see [BK1, Theorem 1; BK2;
FK; and Ri, Theorem]). Incidence structures of fixed-point and fixed-circle
sets of special kinds of automorphisms of Minkowski planes have already
been investigated (see [QR]).
The referee pointed out the following very interesting consequence of
recent results by Quattrocchi et al.
Proposition 3.1. Let G be a finite sharply 4-transitive set on a set S.
Then G is the symmetric group S4 , the symmetric group S5 , the alternating
group A6 , or the Mathieu group M11 in their natural representations on
|S |=4, 5, 6, or 11 points, respectively.
Proof. This is a consequence of the main result in [QF] which states
that if |S |7, then |S |=11 and a result in [BQ] which states that M11
is the only sharply 4-transitive set containing the identity. K
The first three groups contain interesting sets of involutions since they
contain the groups PGL(2, F3), PGL(2, F4) in the first two cases and the
hyperbolic part of PGL(2, F5) in the last case. Let G=M11 be represented,
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in the usual way, on a set |S | containing 11 elements. Then G contains just
one conjugacy class of involutions of length 165. The cycle decomposition
of every involution in this conjugacy class contains 4 transposition and 3
fixed points (see [HB, p. 309, table]). Let a, b, c, d # S be distinct elements.
Then, with the usual arguments, we conclude that there is exactly one
involution in G that exchanges a with b and c with d. Furthermore, there
is exactly one involution fixing a and b and exchanging c with d. We can
associate an interesting incidence structure (ambient) with G very much
like in the case of an abstract oval. Its point set is S _ G and its lines are
the sets la, b , a, b # S, a{b consisting of the points a and b and all involu-
tions that exchange a and b. In this incidence structure every two distinct
lines intersect in exactly one point which makes the incidence structure into
a partial linear space. The line la, b contains the points a and b. Let c # S,
c{a, b. Then for every element d # S, d{a, b, c, there is exactly one ele-
ment in la, b that exchanges a with b and c with d. This gives 8 more
elements in la, b . Finally, there are 4 different involutions in la, b that fix c.
We conclude that la, b contains 14 points. Every point corresponding to an
involution is contained in 4 lines and every point in S is contained in 10
lines. The set S is met by every line in exactly two points. The group M11
gives rise to an automorphism group of the incidence structure that acts
sharply transitively on ordered pairs of lines that do not intersect in a point
of S.
There are exactly four finite sharply 5-transitive groups (see [HB, p. 327,
Theorem 3.5]). These are the symmetric groups S5 and S6 , the alternating
group A7 and the Mathieu group M12 . Again S5 and S6 contain abstract
ovals, since they contain the groups PGL(2, 4) and PGL(2, 5), respectively.
The usual arguments do not yield terribly interesting facts about the sets
of involutions in the other two groups.
One final remark is needed. If G is an (invertible) sharply n-transitive set
on S, then the point stabilizer Gx of the point x # S is an (invertible)
sharply (n&1)-transitive set on S"[x].
4. MAXIMAL SUBSETS OF INVOLUTIONS
Proposition 4.1. Let G be a sharply 3-transitive set on S that contains
the identity idS . If G contains an abstract oval B, then B contains all the
involutions in G.
Proof. A sharply 3-transitive set on a set of less than 7 elements is
classical, that is, the set of involutions in G is a classical abstract oval. We
may therefore assume that S contains at least 6 points. Assume that i is an
involution of G that is not contained in B. Since idS # G, the involution i
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has at most 2 fixed points. Therefore there are four distinct elements a, b,
c, d of S such that i(a)=b and i(c)=d. Since B is quasi sharply 2-transitive
it contains an involution j such that again j (a)=b and j (c)=d. Because
G is sharply 3-transitive j is the only such element in G. Hence i= j, which
is a contradiction to our assumption. K
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